arXiv:1508.04049v4 [physics.optics] 28 Jul 2016 


Objects of maximum electromagnetic chirality 


Ivan Fernandez-Corbaton* 

Institute of Nanotechnology, Karlsruhe Institute of Technology, 76021 Karlsruhe, Germany 

Martin Fruhnert 

Institut fiir Theoretische Festkorperphysik, Karlsruhe Institute of Technology, 76131 Karlsruhe, Germany 

Carsten Rockstuhl 

Institut fiir Theoretische Festkorperphysik, Karlsruhe Institute of Technology, 76131 Karlsruhe, Germany and 
Institute of Nanotechnology, Karlsruhe Institute of Technology, 76021 Karlsruhe, Germany 

We introduce a definition of the electromagnetic chirality of an object and show that it has an 
upper bound. Reciprocal objects attain the upper bound if and only if they are transparent for all the 
fields of one polarization handedness (helicity). Additionally, electromagnetic duality symmetry, i.e. 
helicity preservation upon interaction, turns out to be a necessary condition for reciprocal objects 
to attain the upper bound. We use these results to provide requirements for the design of such 
extremal objects. The requirements can be formulated as constraints on the polarizability tensors 
for dipolar objects or on the material constitutive relations for continuous media. We also outline 
two applications for objects of maximum electromagnetic chirality: A twofold resonantly enhanced 
and background free circular dichroism measurement setup, and angle independent helicity filtering 
glasses. Finally, we use the theoretically obtained requirements to guide the design of a specific 
structure, which we then analyze numerically and discuss its performance with respect to maximal 
electromagnetic chirality. 


An object is chiral if it cannot be super-imposed onto 
its mirror image. This simple definition hides significant 
problems that arise when attempting to measure chiral¬ 
ity [1]. Quantifying how chiral an object is is the purpose 
of scalar measures of chirality which vanish only for achi¬ 
ral objects and assign the same value to an object and 
its mirror image [2, 3]. There are many different scalar 
measures of chirality [3], but none of them allows to sort 
general objects according to their chirality or to establish 
what a maximally chiral object is [4] in an unambiguous 
way. 

Independently of these measurement problems, chiral¬ 
ity is entrenched in nature: From the lack of mirror sym¬ 
metry of some interactions among fundamental particles 
[5], to its ubiquitous presence in chemistry and biology. 
Chirality is studied in very diverse scientific disciplines. 
One of them is the interaction of chiral matter with elec¬ 
tromagnetic fields, which started two centuries ago [6] 
and still attracts significant attention from both its theo¬ 
retical and practical sides (e.g. [7-39]). The lack of upper 
bounds and unambiguous ranking for the magnitude of 
chirality is a handicap for both theoretical and practical 
developments. In particular, it is a handicap for the sys¬ 
tematic design of chiral structures for interaction with the 
electromagnetic field. These ambiguities leave us unable 
to compare different structures and without an extremal 
reference to design towards. Additionally, it leaves us 
with no other design guidelines besides chirality itself. 
We will show that, under a different definition of chiral¬ 
ity, chirality upper bounds exist and are attained when 
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objects meet extra requirements. These requirements al¬ 
low to significantly narrow down the design parameter 
space. 

In this article, and in the spirit of [40], we shift the 
focus from a geometrical definition of chirality to a defi¬ 
nition that is based on the interaction with the field. We 
introduce a definition of the electromagnetic chirality of 
an object based on how it interacts with fields of different 
polarization handedness (helicity). Our definition can be 
stated in the following way: An electromagnetically chi¬ 
ral object is one for which all the information obtained 
from experiments using a fixed incident helicity cannot be 
obtained using the opposite one. The various electromag¬ 
netic chirality measures arising from this definition take 
the form of relativistically invariant distances. We then 
select a particular measure, which can be singled out on 
physical grounds. We show that the electromagnetic chi¬ 
rality of an object has an upper bound. The upper bound 
is equal to the square root of the total interaction cross 
section of the object. Our definition allows the absolute 
ranking of objects according to their electromagnetic chi¬ 
rality. We show that any object that is transparent to all 
fields of one helicity attains the upper bound: It is max¬ 
imally electromagnetically chiral. For reciprocal objects, 
the implication goes in the other way as well: All max¬ 
imally electromagnetically chiral and reciprocal objects 
are transparent to all fields of one helicity. Additionally, 
we show that any maximally electromagnetically chiral 
and reciprocal object must have electromagnetic duality 
symmetry, i.e., interaction shall not change the helicity 
of the incident fields. We then particularize these results 
to obtain the constraints that reciprocity plus maximum 
electromagnetic chirality impose on material constitutive 
relations, and on the polarizability tensor of an isolated 
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scatterer. These constraints are precise requirements for 
the design of maximally electromagnetically chiral ob¬ 
jects. Electromagnetic duality symmetry is one of them. 
We then discuss two possible applications for maximally 
electromagnetically chiral objects: A twofold resonantly 
enhanced circular dichroism setup, and angle indepen¬ 
dent helicity filtering glasses. Finally, we numerically 
analyze the specific design of an object whose properties 
come close to those of a maximally electromagnetically 
chiral object in a narrow frequency band. The analy¬ 
sis and results contained in this article apply to linear 
interactions with finite cross sections. 


I. SETTING 


We start with a brief introduction of the setting, and 
the mathematical tools and notation that we use. The 
setting is depicted in Fig. 1, where an object inter¬ 
acts with an incident field and produces a scattered field 
and/or absorbs part of the incident energy. We assume 
linear interaction and finite cross sections. This setting is 
conveniently treated in the framework of linear operators 
in Hilbert spaces and Dirac’s “(bra|” “|ket)” notation 
There, the fields are vectors in the Hilbert space of trans¬ 
verse solutions of Maxwell’s equations. The effect of the 
object is described by its interaction operator S, which 
we take to be the non-trivial part of the scattering op¬ 
erator S = I + S [41, Sec. 6.4]. The identity term in S 
accounts for the portion of the incident field that does 
not interact with the object, and S is proportional to 
the system transfer operator T (a.k.a T-matrix [42], [43, 
Eq. 2.7.20]): S = 2T. The interaction operator S con¬ 
tains both scattering and absorption information. For 
example, in Fig. 1, a far field detector at solid angu¬ 
lar position n provides information about the projection 
of the scattered field on the corresponding plane wave, 
i.e. the scattering coefficient (D|S'|<i)in), where (D| is a 
plane wave, and (d/lT) the scalar product of [d/) and [T). 
Besides far field scattering, the interaction operator S 
also models near field interactions [44-46], and absorp¬ 
tion by the object. It contains all the information that 
can be obtained from the object by means of its interac¬ 
tion with transverse electromagnetic fields. We take S as 
the only relevant representation of the object and define 
its electromagnetic chirality through the properties of S 
with respect to the helicity of the fields. The fundamen¬ 
tal properties of helicity make it suitable for discussing 
chiral interactions, as is done in particle physics [47]. 



FIG. 1. Interaction in the Hilbert space of transverse 
Maxwell’s fields. An incident field |4>in) interacts with an 
object, characterized by its interaction operator S, and pro¬ 
duces a scattered field |4>out) = S’j^’in). A detector like the 
one in the bottom right corner of the figure obtains infor¬ 
mation about the field scattered through the solid angle D: 
/({D|4>out)) = / ((DjSj'Fin)), where (v!'|r) is the scalar prod¬ 
uct of the two vectors [tf) and jF). The interaction operator 
S also describes absorption and near field illumination and/or 
measurement. 


II. USING HELIGITY TO GHARAGTERIZE 
INTERACTIONS WITH CHIRAL MATTER 


The helicity operator is the projection of the total an¬ 
gular momentum vector operator onto the linear momen¬ 
tum vector operator direction [48, Sec. 8.4.1], [49, Eq. 
57], 


J 

^1 ■ 


( 1 ) 


For classical electromagnetic fields in the complex no¬ 
tation, helicity has two possible eigenvalues A G {1,-1}. 
The eigenstates of helicity are the Riemann-Silberstein 
linear combinations [50, 51] G± = ^ (E±zZH), with 
Z the medium impedance, so that: 


AG,=a(^±#^=±(^±#^=±G,. (2) 


V2 


V2 


Equation (2) can be derived ^ from Maxwell’s curl 
equations and the representation of the helicity opera¬ 
tor for monochromatic fields of frequency oj = kc^ which 


^ Dirac introduced this notation in quantum mechanics. It is also 
very convenient for other situations that can be treated in the 

framework of Hilbert spaces. ^ See [52, Eqs. (2)-(3)]. 
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reads A = Equation (2) is valid in general, in¬ 

cluding in the near fields around scattering objects. The 
chiral character of near helds can be readily determined 
by means of the two Riemann-Silberstein helicity eigen¬ 
states. We now show their connection to the optical chi¬ 
rality density [9, 53]. 

We start from a monochromatic electromagnetic field 
around some scattering object [E‘^(r),H‘^(r)]. Af¬ 

ter expressing it in the Riemann-Silberstein basis 
[E“(r), H“(r)] —)■ [G5jl(r), G“ (r)] , we consider the fol¬ 
lowing space-dependent quantity 

«-(r) = |G-(r)|2-|G“(r)|^ (3) 

that is, the difference between the pointwise intensities of 
the two helicity eigenvectors. The quantity K“(r) com¬ 
pletely determines the optical chirality density [9, 53], 
defined as 

G-(r) = -|^Im{E“(r)tB“(r)}, (4) 

where e is the permittivity of the surrounding medium. 

It can be shown ^ that: 

C-(r) = (5) 

The optical chirality density is nowadays widely em¬ 
ployed ^ to discuss the chiral character of the near helds 
around scatterers, and the coupling of chiral molecules 
and dipoles to such near helds (e.g [9, 15, 21, 32]). Equa¬ 
tion (5) conhrms the suitability of the helicity formalism 
for describing chiral near held interactions. 

Helicity can also be understood in operational terms in 
the momentum (plane wave) representation. An electro¬ 
magnetic held is an eigenstate of helicity with eigenvalue 
-|- 1 (— 1 ) if and only if all the plane waves in its decom¬ 
position are left (right) handed polarized with respect to 
their corresponding momentum vectors, in which case 
G_ (G_|_) is zero at all points. The decomposition can 
contain both propagating and evanescent plane waves 

For massless helds, the helicity operator commutes 
with all the transformations of the Poincare group, 
i.e. space and time translations, spatial rotations, and 
boosts. It is a relativistic invariant of the held. Addi¬ 
tionally, it commutes with the time inversion operator. 


® Equation (5) follows from Eq. (4) and these steps: 
-ImfEfcajtBfa;)} = -Im{E(cj) = 

^Im{i (^|G+(aj)|2 - |G_(a;)|2 -|-2jIm{G+(a;)tG_(w)})} = 

T(|G+H|2-|G-(a;)|2) 

^ A related quantity called helicity density is also used [16]. The 
connections between optical chirality density, helicity density, 
and the helicity operator have been discussed in the literature 
[54, 55]. 

® A plane wave of helicity +1(—1) is the sum(subtraction) of 
TE and TM plane waves of equal momentum, irrespectively of 
whether all the momentum components are real or not. 


None of these operations hip the helicity eigenvalues of 
the states they act on. Crucially, helicity hips only with 
spatial inversion transformations: A —>■ —A after parity, 
mirror rehections, and rotation-rehections. Helicity is 
hence a spatial pseudoscalar in the Poincare group ex¬ 
tended with space and time inversion. 

These properties have already allowed to draw connec¬ 
tions between material chirality and optical helicity [9- 

II , 16], and to discover the fundamental role of helicity 
preservation in optical activity [56-58]. 

As an operator, helicity is the generator of the elec¬ 
tromagnetic duality transformation The relationship 
between helicity and duality is the same as, for example, 
angular momentum and rotations. A dual symmetric 
scatterer preserves the helicity of the helds interacting 
with it, i.e., it does not couple states of opposite polar¬ 
ization handedness. The conditions for duality symme¬ 
try of a scatterer in the macroscopic Maxwell’s equations 
[60, 61] and in the dipolar approximation [61, 62] are 
known. The use of helicity and duality for the study and 
engineering of light matter interactions is developed in 
detail in [63]. 

III. ELECTROMAGNETIC CHIRALITY OF AN 

OBJECT 

Let us consider the electromagnetic interaction oper¬ 
ator S of an object. We choose a basis for transverse 
Maxwell helds jr/ A) where helicity is used as the polar¬ 
ization label (A G {1,-1}) and 77 is a collective index 
containing the other three dehning numbers We can 
then consider the partial operators S')*], S^, and SZ ■ 
Each acts on input states \r] A) of helicity A G {1,-1}, 
and produces output states (A fj] of helicity A G {1,-1}. 

We dehne the object to be electromagnetically achiral 
if and only if there exist four unitary operators C/i, Vi, 
U 2 and V 2 that commute with the helicity operator, and 
satisfy 

(+fljS+lrj+} = (-f]l[/,SZV,^lp-}, 

j. (6) 

(- v\S^\v +) = (+ -), 

for all (ji,fj). 


® The duality transformation acts on the initial (E, H) fields as 
[59, Eq. 6.151]; 

Eg = E cos 9 — ZHsin0, ZHg = Esin e + zti COS 6. 

^ Each vector of a basis of transverse Maxwell fields, both propa¬ 
gating and evanescent, has four numbers that identify it. These 
four numbers are the eigenvalues of four commuting operators. 
For example, multipolar fields are eigenvectors of the angular 
momentum squared, the angular momentum along one axis, the 
energy (frequency), and the parity operator. The latter fixes 
their polarization. The helicity versions of multipolar fields and 
Bessel beams are the sum and subtraction of the more common 
parity and TE/TM modes [64, App. A]. Plane waves can be cho¬ 
sen as eigenstates of the three components of linear momentum, 
which fixes the frequency, and the helicity operator. 
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Conversely, we define the object to be electromagneti- 
cally chiral when its electromagnetic interaction operator 
never meets Eq. (6). 

Any composition of boosts, rotations, translations, and 
time inversion is an example of a helicity preserving uni¬ 
tary operator. 

We point out that Eq. (6) says that, for an electromag- 
netically achiral object, all the information which can be 
obtained from experiments using only one input helicity 
can also be obtained from experiments using the oppo¬ 
site helicity. This is not the case for electromagnetically 
chiral objects. 

The common geometrical definition of chirality is a 
particular case of our dehnition of electromagnetic chi¬ 
rality. The non-superimposability of an object with its 
mirror image implies that after S is transformed ® by a 
mirror operator S —)■ MSM~^, no arbitrary sequence of 
a rotation R and a translation T can undo the change: 

MSM-^ ^ {TR)S{TR)-^ for all T, R. (7) 

Conversely, for an achiral object, there exist at least a 
TR such that 


MSM-^ = {TR)S{TR)-^. (8) 

It can be shown ® that Eq. (8) leads to a particular 
case of Eq. (6) with Ui/Vi restricted to rotations and 
translations. Besides rotations and translations, the pro¬ 
posed dehnition of electromagnetic chirality allows for 
other kinds of transformations as well. Notably, the rel¬ 
ativistic invariance of electromagnetic helicity allows for 
Ui and Vi to contain boosts. Consequently, our dehnition 
of electromagnetically (a)chiral objects is relativistically 
invariant. Eurthermore, the possibility that Ui and Vi do 
not represent the same operators is also allowed, and can 
be interpreted in Eq. (6) as different input and measure¬ 
ment basis changes. 

Eor the purpose of brevity we will often use the prehx 
em- from now on. For example, we will write em-chiral 
instead of electromagnetically chiral. 


A. Scalar electromagnetic chirality measures 

The proposed dehnition has an implication which al¬ 
lows the use of the singular value decomposition to dehne 
measures of em-chirality, i.e. measures of how em-chiral 


® O —^ XOX~^ is the transformation rule for an operator O upon 
the action of operator X. The rule for a vector is lil/) —>■ 

® From Eq. (8) we obtain S = M~^{TR)S{TR)~^M, and write 
{TR)~^M = {XG)~^, where G acts only on the polarization 
index and its action is to flip helicity, and X acts only on the 
other three indices. Both G and X are unitary. It then follows 
that: (+ i?|5+|7? -h> = (- f]\XSZX^n -), and (- nls+ln -h> = 
(-1- n\XS^X^\ri —), which is a particular case of Eq. (6). 


an object is. The singular value decomposition of a com¬ 
plex matrix A always exists, meaning that A can always 
be written as: 


A = BDC\ (9) 

where B and C are unitary matrices and I? is a diag¬ 
onal matrix made of real numbers di such that di > 0 
and di > d 2 > d^ .... The same decomposition exists 
for completely continuous operators [65, Chap. II, §2], 
which can be represented by complex matrices of infi¬ 
nite dimension. The interaction operator S is completely 
continuous. Our initial assumption of Hnite cross section 
guarantees this property [66, Chap. 8.6]. 

Consider the sub-matrices of coefficients 

My = (A fj\S\r] A) for all {ri,fj). (10) 


Let us denote by cr(A) the column vector containing 
the singular values of matrix A in non-increasing order, 
and define the column vectors 


v+ 


a(M+y 

^ W+). 


V- = 


a (MZ)' 

a (M+)J ’ 


( 11 ) 


which contain the singular values of the two sub-matrices 
corresponding to each input helicity. 

The implication of Eq. (6) for em-achiral objects is 
that the singular values of Mj( and MZ are equal, and 
the singular values of Mjf and Mj( are equal This 
is not the case for em-chiral objects. The definition of 
Eq. (6) is hence equivalent to saying that an object is 
electromagnetic achiral if and only if v_|_ = v_. If f;_|_ V- 
the object is electromagnetically chiral. In light of this, 
any definition of a scalar em-chirality measure |x| should 
be based on a distance function between and V- 


Ixl = (12) 

The properties of distance functions ensure that |x| is 
real, non negative, and is zero only for em-achiral objects. 
It is also clear that |x| is invariant under any transfor¬ 
mation by unitary matrices since the singular values re¬ 
main invariant. The transformations include the matrix 
representations of translations, rotations, boosts, time 
inversion, and also parity. The latter flips both the in¬ 
put and output helicities and therefore the two vectors 
v± —)■ V:f, which, thanks to d{v+,V-) = d{v-,v+), leaves 
Ixl unchanged. We conclude that |x| is relativistically in¬ 
variant and that it behaves as a scalar chirality measure 
as defined e.g. in [2]. We will show in Sec. IV that |xl is 
also normalizable to the interval [0,1]. 


This follows because two matrices (A, B) are related by unitary 
transformations (17, E) as T = 17 BV ^, if and only if their singular 
values are equal [67, p. 193]. 
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IV. MAXIMALLY ELECTROMAGNETICALLY 
CHIRAL OBJECTS 

There are many ways of defining the distance between 
the two vectors in Eq. (12), but there is a physical reason 
for selecting a particular one. 

When an incident state \r] A) interacts with an object 
and a measurement of the scattering into a different state 
(A ryl is made, the number of “clicks” or the intensities at 
the detector are proportional to the square of the abso¬ 
lute value of the corresponding coefficient: |(A f]\S\r] A)p. 
Let us consider the sum over all possible incident and 
output states 


aut = ^^\{Xv\S\vX)f- (13) 

AA VV 

This quantity can be understood as the total interaction 
cross section of the object. It is a measure of the over¬ 
all coupling between the object and the electromagnetic 
field, including both scattering and absorption. It can be 
shown that 


Cint = {v+)'^v+ + {v-Yv-, (14) 

where ^ means transposition. The total interaction cross 
section is the sum of the interaction cross sections that 
the object presents to each input helicity: 

C*™* = C-^ = (15) 

We see that the total interaction cross section is the 
sum of the squared Euclidean norms of and u_. We 
hence select the Euclidean norm to compute |x|: 

Ixl = \/(^^-h-V-)^(?;+-u_) = ^^(v+(0-V-(0)^- 

(16) 

Since a particular norm can be chosen on physical 
grounds, we can establish an absolute ordering of objects 
with respect to their em-chirality using Eq. (16). 

We now reach some notable results: With the dehni- 
tion of Eq. (16), the electromagnetic chirality of an ob¬ 
ject is upper bounded. All objects that are transparent 
for Helds of one helicity achieve the upper bound: They 
are maximally electromagnetically chiral. If the object 
is reciprocal, the implication goes also the other way: 
All maximally em-chiral reciprocal objects are transpar¬ 
ent to fields of one helicity. Additionally, all maximally 
em-chiral reciprocal objects preserve helicity upon inter¬ 
action, i.e. have electromagnetic duality symmetry. 


In order to show all this, we start by fixing a given 
Cint 7 ^ 0, and compute the ratio \x\'^/Cint- 

IxP ^ {v+ fv+ + {v-Vv- - 2{v+)^v_ ^ ^ ^ {v+)'^v- 

Cint Cint Cint 

(17) 

Since the elements of are all real and non negative, 
the term (r;+)^u_ is always greater or equal than zero. 
It follows that Ixl is upper bounded by ^/Cmt- 


Ixl G 0, \/^ 


(18) 


It also follows that the upper bound is attained if and 
only if (u+)^u_ = 0, which means [Eq. (II)]: 

0 = a {M+)^ a (MZ) + a (M-)^ a {M+) . (19) 

We now exploit that the elements of a (A) are real, greater 
or equal than zero, and sorted in non-increasing order to 
conclude that: a) Equation (19) is only met when both 
terms in the sum are simultaneously zero, because each 
individual term is greater or equal than zero, and, b) let 
us assume that a term is zero: This means that at least 
one of the two matrices involved must be null because at 
least one of the two involved vectors of singular values, 
whose elements are non-increasing, must contain only ze¬ 
ros. 

Objects that are transparent to one of the helicities 
of the field always meet Eq. (19), and are hence always 
maximally em-chiral. This is clear from the conditions of 
transparency to one helicity: Either = MjT = 0 or 
MZ = M+ = 0. 

The converse is not necessarily true. The following 
two cases meet Eq. (19) but are not transparent to one 
helicity: 

(M+ = 0,M+ ^0,Mr^0,M+ = 0), 

(M+ ^ 0, M+ = 0, MI = 0, M+ 7^ 0) . 

Using a) and b) above it is easy to see that these are 
the only cases of maximally em-chiral objects that are 
not transparent to one helicity. We now show that both 
cases violate reciprocity, and hence, that any reciprocal 
maximally em-chiral object must be necessarily transpar¬ 
ent to one helicity. 

In the basis of plane waves with well defined momen¬ 
tum p and helicity A, the reciprocity condition [68, Eq. 
2.22] results in the following relationships between input 
and output states 

(A pI^Ip A) = (A-pI^I-p A). (21) 


The total sum can be computed by adding the four partial sums 
for each combination of incident and output helicities Cint = 

n\S\n A>|2 = Eaa trace {m^ 

The final result Cint = ('^+)^'^+ + is reached using 

Eq. (11) and the properties of the singular value decomposition. 
A norm is always a distance. The converse is not true. 


The reciprocity condition is given in [68, Eq. 2.22]: 
{sf p/IS'lpi ei) = {e* -PilS'l-p/ where Sf^i are general 

polarization vectors. Equation (21) follows from using helic¬ 
ity polarization vectors £(p, A), which are the sum and subtrac¬ 
tion of the TE and TM polarization vectors, and the correspon¬ 
dences with our notation |p £(p,A)) = |p A) and [51, Sec. 3]: 
|-P £*(P. A)> = |-P £(-p,A)} = |-p A). 



6 


Equation (21) means in particular that 


(+ pI-S'Ip -) = (-p|S'|-p +). (22) 


Therefore, if the object is reciprocal, M_|_ = 0 

= 0, which holds independently of the choice of ba¬ 
sis. The two cases in Eq. (20) violate this condition and 
must hence be non-reciprocal. 

Finally, we observe that reciprocal maximally em- 
chiral objects must meet MjT = Mjj = 0. This condition 
is the definition of helicity preservation and is equivalent 
to the statement that the object has electromagnetic du¬ 
ality symmetry. We have reached the conclusion that 
all maximally em-chiral reciprocal objects are necessar¬ 
ily dual symmetric. Duality is hence a requirement for 
reciprocal objects to be maximally em-chiral objects. 

We have proved all the previously announced results, 
which we summarize here. 


For reciprocal and non-reciprocal objects: 


Ixl — \/^int ■ 


Ixl € 0, \/Cint 
Transparency to one helicity 
For reciprocal objects: 

Ixl “ \/Cint j 
Duality symmetry. 


Transparency to one helicity 

Ixl = 


It is worth mentioning that reciprocal interaction does 
not need to be lossless, and that when it is, time re¬ 
versal invariance is automatically fulfilled. These results 
have a notable parallelism with portions of the chiral 
electroweak theory in the standard model of high energy 
physics, where only left chiral fermions interact via the 
weak force, the interaction is unitary (lossless) and time 
reversal is a good symmetry [47, Sec. 3.3.1]. 

When there are material losses, the scattering operator 
S = / -I- S' is not unitary. The total absorption cross 
section for each input helicity A can be computed as: 


trace 




where h\ 


. ) ■ 


(23) 


Figure 2 depicts the different behavior that a general 
object and a reciprocal maximally em-chiral object have 
with respect to their interaction with fields of pure helic¬ 
ity. 

We will now discuss reciprocity together with maxi¬ 
mum em-chirality in the macroscopic equations and in 
the dipolar approximation. 


A. Constraints in polarizability tensors and 
constitutive relations 

For an object embedded in an isotropic and ho¬ 
mogeneous medium with permittivity and permeability 




(a) General object. Interacts with and mixes both helicities. 



(b) Maximal electromagnetically chiral and reciprocal object. It is 
transparent to one helicity and preserves helicity upon interaction. 

FIG. 2. Interaction of a general object (a), and a reciprocal 
maximally em-chiral object (b) with fields of pure helicity 
±1. Fields of helicity -|-1 are blue and marked with a “-I-”. 
Fields of helicity —1 are red an marked with a ”. Incoming 
fields are drawn as bullet-like shapes and scattered fields as 
clouds surrounding the scatterers. A general object interacts 
with and mixes both helicities (a). For reciprocal objects (b), 
maximal electromagnetic chirality occurs if and only if the 
object is transparent to one helicity. It also implies that the 
object preserves helicity upon interaction: The scattered field 
shall have the same helicity as the incident field. The object 
must hence have electromagnetic duality symmetry. 


{es,Hs), tbe conditions of transparency to one helicity 
and reciprocity restrict the constitutive relations of the 
material of which the object is made 




e X 

E 

B 


7 

ZsH 


(24) 


through the relations 


reciprocity:I®®’ ^ e = , /r = ~ 

transparency to helicity -|-1: 
transparency to helicity —1: 

(25) 


e = ix, M = -h, 
e = -*X, M = *7, 


Each of the (e, x, 7 ) is a 3x3 tensor. The boxed equa¬ 
tions for transparency to one helicity are readily reached 
by changing the basis in Eq. (24) to the combinations 
F± = ^ {Z,T> ± fB) and G± = ^ (E ± fZ,H) and 
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nulling the appropriate column of 3 x 3 blocks for trans¬ 
parency to the -|-1 or -1 helicity, namely 


F+ 

F_ 


0 b 
0 a 


G+ 

G_ 


F+ 

F_ 


a 0 
b 0 


G+ 

G_ 


(26) 


As expected, the first line in Eq. (25) plus any of the 
other two imply duality symmetry [60, 61]: e = n, x = 
— 7 . This forces b and b in Eq. (26) to be equal to zero. In 
the end, the only freedom left in a maximally em-chiral 
reciprocal object is a symmetric three by three complex 
tensor and the choice of transparency to the - 1-1 (upper 
signs) or —1 (lower signs) helicity: 

e = = ^ = ±ix = Til- (27) 

In the field of metamaterials, effective constitutive rela¬ 
tions are obtained from the joint response of an ensemble 
of electromagnetically small objects. The response of a 
small enough object is approximately determined by its 
induced electric (d) and magnetic (m) dipolar response 

d 

m 

The same kind of analysis that lead us to Eq. (27) 
leads to a similar result. The reciprocity conditions for 
polarizability tensors have the same form as in Eq. (25) 
[70]. Transparency to one helicity can be imposed by 
changing the fields as before and changing the dipoles to 
the combinations (d ± im/c)/v^- These combinations 
radiate fields of single helicity content [63, Sec. 2.4.3]. 
Again, reciprocity plus transparency to one helicity imply 
(dipolar) duality {adE = ^sa-mH-, otmE = -adn/fJ-s), and 
the final result is 



OidE 

OidH 


E 


OimE 

^mH 


H 


adE = aJe = ^sOlmH = ^iOLdHjZs = Til^sOLmElZg. 

(29) 

We note that the findings in [13], obtained for the par¬ 
ticular case of planar circuits, are consistent with our 
results. 

The conditions in Eq. (29) describe maximally em- 
chiral dipolar objects which do not couple to one of the 
helicity components of the field G±. This zero coupling 
is independent of whether (E, H) are far fields in the ra¬ 
diation zone or near fields around a scatterer. 


V. APPLICATIONS 

Before discussing two practical applications of maxi¬ 
mally em-chiral reciprocal objects, we highlight two re¬ 
markable benefits of using helicity to treat the polariza¬ 
tion of the field [63, Sec. 2.9], which we will exploit. 

First, helicity commutes with rotations and transla¬ 
tions. This means that after rotating and displacing a 
helicity preserving object, it remains helicity preserving. 
This is not the case if one uses a different description of 
the polarization. For example, an object with parity in¬ 
version symmetry, like a sphere, preserves the parity of 


the fields interacting with it when located in the origin 
of coordinates. After a displacement, the multipoles of 
different parity will mix with each other upon scattering. 

Second, helicity preservation and transparency to one 
helicity are properties which do not depend on whether 
one considers the near, intermediate, or far field zones. 
At the root of this property lies the fact that, for a field 
of pure helicity one of the two combinations E ± iZH in 
Eq. (2) is equal to zero at all spacetime points. For exam¬ 
ple, the field scattered off a dual symmetric object upon 
illumination with a general field of helicity A (G;, ^ 0) 
has zero component of helicity —A (G_a = 0) in any field 
zone. This is illustrated in [52, Fig. 1] for the near fields. 
Different dual symmetric objects are illuminated with a 
field of A = -1-1. The numerical solution of Maxwell’s 
equations show that the fields at a distance of about 
1/30-th of the wavelength away from the objects have 
zero intensity of the A = — 1 component. Similarly, an 
otherwise arbitrarily complex near field of pure helicity 
will not excite an object which is transparent to that 
helicity. This can be deduced from the constraints for 
transparency and duality symmetry in Sec. IV A. When 
expressed in the helicity basis, the constitutive relations 
and polarizability tensors for maximal em-chirality have 
a 3x3 block structure like: 


0 o' 


a 0 

0 a 

, or 

0 0 


which ensures a null response to E — iZH or E -|- zZH, 
respectively. The null response is independent of whether 
the E and H fields belong to the near, intermediate, or 
far field zones of the exciting source. 

We now sketch two concept proposals for applications 
of maximally em-chiral and reciprocal objects: Enhanced 
circular dichroism measurements of molecules and angle 
independent helicity filtering glasses. 


A. Double resonantly enhanced circular dichroism 
setup 

Circular dichroism (CD) is used to distinguish between 
the two enantiomeric forms of chiral molecules. This dis¬ 
tinction is particularly important for synthetic drug pro¬ 
duction because the two enantiomers can have very dif¬ 
ferent effects. The weak response of the molecules typi¬ 
cally results in low sensitivity and/or long measurement 
times. Geometrically chiral plasmonic structures featur¬ 
ing strong scattered near fields upon external illumina¬ 
tion are being studied for enhancing the CD signal of the 
molecules in their vicinity. This design principle has two 
important drawbacks. One is that the near field of a gen¬ 
eral geometrically chiral structure is not of pure helicity, 
even when the external excitation is (see Fig. 2(a)). The 
molecule is thus illuminated by a field of mixed hand¬ 
edness which blurs the CD measurement. The second 
drawback is that the plasmonic structure itself produces 
a strong CD signal. We argue that a double resonantly 



(a) Illumination with a beam of 
helicity +1, which excites the blue 
object on the left. 


(c) The molecular field with helicity -1 excites 
the red object on the right, which produces a 
strong field of helicity -1. This field is measured. 


(b) (Zoomed) The molecule is illuminated by 
the near field of the excited object, which is of 
helicity +1, and produces a weak field with 
both helicities. 

FIG. 3. Double resonant enhancement for circular dichroism measurements. Panel (a): Two resonant maximally electromag- 
netically chiral and reciprocal objects are placed close to each other. A chiral molecule is in their vicinity. The external 
illumination excites only one of the objects, whose resonance illuminates the molecule with a strong field of the same helicity as 
the incident beam. Panel (b): Upon illumination, the molecule produces a weak scattered field containing both helicities, which 
excite the two resonant objects. Panel (c): The scattered field of helicity opposite to the initial one is measured. This field 
exists due to the presence of the molecule. The other half of the circular dichroism measurement is obtained by interchanging 
the input and measured helicities. The final difference features the two resonant enhancements of opposite helicity: One in 
illumination and one in the amplification of the field scattered by the molecule. 


enhanced circular dichroism setup can be designed by 
placing two resonant maximally em-chiral reciprocal ob¬ 
jects of opposite handedness close to each other, and that 
this scheme avoids the two aforementioned problems. 

Let us start by considering two maximally em-chiral 
reciprocal objects of opposite handedness O and O. 
Straightforward symmetry arguments show that if O is a 
maximally em-chiral reciprocal object with a resonance 
for helicity -1-1, a suitable O can be obtained as the mirror 
image of O, which will be a maximally em-chiral recipro¬ 
cal object with a resonance at the same frequency as O, 
but for the opposite helicity. 

As previously discussed, if we place O and O close to¬ 
gether, they remain electromagnetically uncoupled, inde¬ 
pendently of their relative orientation or separation. As a 
result, illuminating the pair with light of a given helicity 
does not produce any scattering of the opposite helicity. 
In Fig. 3, a chiral molecule is in the vicinity of such 
a system. The three panels show a sequence of events 
for illustration purposes. In Fig. 3(a) an external field 
of well defined helicity A = 1 is incident on the system. 
The resonance in O will illuminate the molecule with a 
strong field of pure helicity A = 1. Assuming that the 
molecule is not dual symmetric the interaction will 
result in a weak field containing both helicities, as de¬ 
picted in Fig. 3(b). The molecular field will excite both 
structures. In particular, the portion with A = — I will 


Duality symmetry requires a molecule to have comparable elec¬ 
tric and magnetic responses, which is not the case for most chiral 
molecules. 


excite the resonance of O producing a strong scattered 
field of A = — I that can then be measured by an appa¬ 
ratus which selects a single field handedness (Fig. 3(c)). 
The measured power of the A = — I component depends 
on the helicity flipping operator of the molecule. We 
note that the measurement has been enhanced by two res¬ 
onant interactions of opposite helicity, one in amplifying 
the illumination and one in amplifying the field scattered 
by the molecule. The other half of the circular dichro¬ 
ism measurement is obtained by changing the helicity of 
the incident field and measurement apparatus. Chiral 
molecules have ^ S'^ where the difference depends 
on the magneto-electric part of their polarizability ten¬ 
sors. The difference between the two measurements will 
feature the twofold enhancement. The scheme is suitable 
for distinguishing between the two enantiomeric forms of 
a chiral molecule. 

Finally, we note that the generation and measurement 
of pure helicity modes in the collimated regime at opti¬ 
cal frequencies is straightforward and can be done with 
polarizers and quarter wave-plates [64, 71], and that mi¬ 
croscope objectives designed to meet the aplanatic ap¬ 
proximation preserve helicity [64, App. C], which makes 
them suitable as focusing and collecting lenses in the pro¬ 
posed measurement scheme. 


B. Angle independent helicity filtering glasses 

A second application is helicity filtering glasses. For 
this purpose we consider a slab of material contain¬ 
ing randomly arranged maximally em-chiral and recip- 
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rocal particles with losses. For large enough slab thick¬ 
ness/particle density/losses, the slab will filter out one 
of the helicities by absorption. The other helicity will 
pass straight through. This behavior is independent of 
the angle of incident of the field due to the orientation 
independent character of helicity preservation and trans¬ 
parency. Two of these slabs made with particles that 
are the mirror image of each other make suitable glasses 
for viewing 3D projections where the images destined for 
each eye are encoded in the two circular polarizations 
(see Fig. 4). The filtering ability of the glasses is inde¬ 
pendent of the relative orientation between the user and 
the projector. This is in sharp contrast to designs based 
on the paraxial optical paradigm of “quarter wave plate 
plus linear polarizer”, whose polarization discrimination 
degrades as the angle of incidence deviates from the nor¬ 
mal. 



FIG. 4. Two slabs containing lossy maximally electromag- 
netically chiral and reciprocal objects of opposite handedness. 
For large enough slab thickness/particle density/losses, each 
slab filters out one of the helicities by absorption. The other 
one passes right through. This behavior is independent of the 
angle of incidence. The slabs can be used to design glasses 
for viewing 3D projections where the images destined for each 
eye are encoded in the two circular polarizations. The glasses 
would allow to see the 3D effect even at large angles from the 
perpendicular of the projector. 


VI. NUMERICAL STUDY 

In this final section, we study the em-chirality proper¬ 
ties of the double turn silver helix depicted in the inset 
of Fig. 5. The aim of the study is two fold. On the one 
hand we use a realistic object to illustrate two important 
ideas: Large em-chirality needs duality symmetry, and, 
large em-chirality is possible in the presence of material 
absorption. On the other hand, we show a realistic ob¬ 
ject which, in a narrow frequency band, approaches the 
maximum em-chirality. 

Our choice of structure is motivated by the geometri¬ 
cally optimized helical antennas for circular polarization 
[72]. Notable properties of similar antennas have been re¬ 
cently studied [73-75]. Under some approximations, the 


geometrically optimized helical antennas can be shown 
to meet the dipolar duality condition at their resonance 
frequency. Additionally, they present largely different 
cross sections to the two polarization handedness of plane 
waves with momentum perpendicular to the helix axis. 
Instead of using common approximations like thin helix 
wire or restriction to dipolar scattering, we obtain the 
complete interaction matrix at each frequency by using 
the permittivity of silver from Ref. 76 and a technique 
similar to the one described in [77, Sec. 4.1]. Exact nu¬ 
merical solutions of the Maxwell’s equations based on a 
finite-element method allow us to obtain the T-matrix 
of the helix, which is related to the interaction operator 
[43, Eq. 2.7.20] as S' = 2T. To obtain the geometrical 
parameters of the helix, a first initial guess using Ref. 72 
is made. This is followed by a local tuning of its major 
radius a and height b. The local tuning seeks to maxi¬ 
mize the difference between the scattering cross sections 
that the helix presents to the two circular polarizations 
of a single plane wave. The plane wave has a wavelength 
of 200 /im and its momentum is perpendicular to the 
helix axis. In this section, all the quantities are com¬ 
puted from the interaction matrices and are implicitly 
frequency (wavelength) dependent. 



Wavelength in vacuum (micrometers) 


FIG. 5. Normalized em-chirality xly/Cint, measure of duality 
breaking 0, and contrast of helicity cross sections A for the 
double turn silver helix shown in the inset. Large values of 
x/\/Cint coincide with simultaneously large values of A and 
small values of 0. The dimensions of the helix are: Major 
radius a = 6.48 ^m, height b = 8.52 fim, and wire radius 
c = 0.8 /im. 


We now define two parameters which we use in the 
analysis. Recalling the definition of Cmt in Eq. (14), 
we define the contrast A between the interaction cross 
sections corresponding to two input helicities as 


A = 


T T 

v:!^_v+ — v_v- 


Cint 


(31) 
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Wavelength in vacuum (micrometers) 


FIG. 6. Interaction cross sections and the ratio of absorp¬ 
tion to interaction cross sections for each helicity ±. At 200 
fim, the maximnm of em-chirality in Fig. (5), there is non- 
negligible absorption of the helicity with dominant interaction 
cross section. 


and the total helicity change (duality breaking) 0 as 


a(M^) a(M^)+u(M+) a (M+) ^ 

Cint 


The contrast A ranges from — I to 1 and is equal to zero 
when the object presents the same interaction cross sec¬ 
tion to both helicities. The measure of duality break¬ 
ing J?" ranges from 0 to 1. Zero means complete helicity 
preservation and I complete helicity flipping. 

Figure (5) shows the normalized em-chirality x/ V Cint , 
0, and A of the two turn helix as a function of the wave¬ 
length in vacuum. The maximum value of xlv^^int = 
0.92 is achieved near 200 /rm. The figure illustrates the 
two conditions needed for large em-chirality: Large con¬ 
trast between the two helicity interaction cross sections 
and small helicity change. 

Figure (6) shows the interaction cross sections and the 
ratio of the absorption to the interaction cross sections 
for each input helicity. Interaction and absorption cross 
sections for each input helicity are defined in Eq. (15) 
and Eq. (23), respectively. The figure shows that large 
values of em-chirality can be achieved in the presence of 
absorption losses. This is consistent with the fact that 
the conditions in Eqs. (27) and (29) can be met by both 
lossy and lossless objects. This possibility originates in 
the use of reciprocity instead of time reversal invariance 
in Eq. (21), which avoids having to restrict the results to 
the lossless case. The principle of reciprocity has been 
recently used to obtain a theory of circular dichroism in 
planar systems [20]. 


This definition of0is equivalent to the one in [57, Eq. (2)]. 


The same design procedure that we followed at 200 /xm 
produces significantly lower em-chirality values at higher 
frequencies. Eor example, at 20 ^m the maximum of 
xlVGint that we obtain is equal to 0.65. While the de¬ 
sign procedure that we used is not optimal, we take this 
as an indication that a different strategy and/or mate¬ 
rials may be needed for maximizing em-chirality beyond 
the near infrared. As far as we know, objects with the 
desired properties are not yet available at optical or near 
UV frequencies, where they would be relevant for the 
two applications sketched in Sec. V. We hope that our 
contribution increases the research in that direction. At 
optical frequencies, one may consider the fashioning of 
structures out of high index dielectric spheres meeting 
the dipolar duality condition. This strategy has recently 
been used to design an object which exhibits optical ac¬ 
tivity in general scattering directions [57]. As can be 
seen in [57, Fig. 2a], the restriction to dipolar duality 
constraints the choice of the spheres permittivity and ra¬ 
dius to a narrow region in such parameter space. 


VII. CONCLUSION 


In summary, we have defined the electromagnetic chi¬ 
rality of an object based on how it interacts with fields 
of different helicities (polarization handedness). The def¬ 
inition leads to relativistically invariant scalar measures 
of electromagnetic chirality. Physical considerations al¬ 
low to choose a particular measure. We have shown that 
the electromagnetic chirality of an object has an upper 
bound. The upper bound is equal to the square root of 
the interaction cross section of the object. Any object 
that is transparent to all fields of one helicity attains 
the upper bound: It is maximally electromagnetically 
chiral. For reciprocal objects, the implication goes the 
other way as well: Any maximally electromagnetically 
chiral and reciprocal object must be transparent to all 
fields of one helicity. Additionally, any maximally elec¬ 
tromagnetically chiral and reciprocal object must have 
electromagnetic duality symmetry, i.e. it does not change 
the helicity of the fields interacting with it. We have de¬ 
rived the restrictions that these extremal objects must 
meet in two settings: The dipolar approximation and 
the macroscopic Maxwell’s equations. The restrictions in 
their polarizability tensors or material constitutive rela¬ 
tions are precise requirements for the design of maximally 
electromagnetically chiral objects. Electromagnetic du¬ 
ality symmetry is one of them. We have sketched two 
applications that show that these theoretical results also 
have practical value. Numerical analysis shows that, at 
least in a narrow frequency band, a realistic structure can 
come very close (92%) to being maximally electromagnet¬ 
ically chiral even in the presence of losses. The analysis 
is also an example of how the theoretically obtained re¬ 
quirements can be used to guide a practical design. 
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